Introduction
The design of stationary thermal solar collectors in a field involves relationships between the field and collector parameters and solar radiation data. In addition, shading and masking ͑ex-pressed by the configuration factor͒ affect the collector deployment in the field by decreasing the incident energy on collector plane. The use of many rows of collectors densely deployed, in a given field, increases the field incident energy but also increases the shading ͑Fig. 1, dark area͒. Therefore, there is an optimal deployment of collectors in a field yielding, for example, maximum energy, minimum plant cost, or minimum cost of unit energy. Field and collector parameters contain field length L ͑which is also the collector length͒, field width W, distance between collectors' rows D, collector height H, inclination angle ␤ of the collector, and geometric limitations of these parameters. The trajectory of the relative shadow height h s and the relative shadow length l s on the collector ͑see ͓1͔, Appendix͒ is shown in Fig. 2 for January 21. For example, the shaded area ͑dark͒ at time 10:00 is presented; the rest of the collector area is unshaded.
The optimal design of a solar field may be formulated mathematically as a constrained optimization problem, and the solution may be based on applying available optimization algorithms, such as those described in ͓2-4͔. References ͓5,6͔ use parametric variation methods but not formal mathematical optimization methods for the field design. Several papers deal with shading ͓7-13͔, and energy losses for different row distances and inclination angles of a solar field installation were investigated in ͓14͔. Reference ͓15͔ and its extension paper ͓1͔ formulated the solar collector field design as an optimization problem, and by applying constrained optimization techniques, the optimal design parameters of the solar field were obtained for three cases: ͑i͒ obtaining maximum annual incident energy on the collectors from a given field size, ͑ii͒ finding minimum field area for a given value of annual energy, and ͑iii͒ obtaining maximum energy per unit collector area from a given field size.
The design of optimal solar fields with economic objectives to obtain: ͑i͒ minimum periodic plant cost and ͑ii͒ minimum cost per unit energy is the aim of the present paper.
Mathematical Formulation of the Optimal Design of the Solar Field
The mathematical formulation of the solar field design problem may be described as a "general programing problem," usually multivariable and nonlinear in both the objective and constraint functions ͓4͔, and may be stated in the following form:
Minimize ͑maximize͒ C͑X ͒ with respect to X Subject to
where Z + is a natural number set.
C͑X ͒ is called the objective function of the optimization problem. The problem variables X are n design parameters of the solar field ͑X Ն 0, non-negative values͒. The parameters are free to vary in an allowed range bounded by upper and/or lower physical limits and may be interrelated to satisfy some conditions. The constraints are expressed by m e satisfying conditions called equality constraints and by ͑m − m e ͒ bounded conditions called inequality constraints. Some of the optimization variables are integers, e.g., X 1 = K is the number of collector rows and by definition is an integer.
inclined with an angle ␤ with respect to the horizontal. The field width is W ͑see Fig. 1͒ . The plant supplies a required daily energy, a larger part coming from the solar system and the remaining part coming from an electrical back-up ͑at times of low solar radiation͒. The cost of the plant consists of the following components: cost of land C land , cost of collectors C collectors , cost of the electrical installation of the backup system C electric backup , cost of the structure of the stands for the collectors C stand , cost of heat exchanger C heat exchanger , cost of the water piping C pipe , cost of the water tank C tank , cost of the water pump C pump , cost of the energy from the grid for backup C backup energy , and maintenance cost of the plant C maintenance . It is assumed that during the lifetime of the plant, the pipes, tank, and pump will be replaced several times. The objective function is the periodic ͑annual͒ plant cost given by
where L pi is the collector to pipe lifetime expectancy ratio, L t is the collector to tank lifetime expectancy ratio, L pu is the collector to pump lifetime expectancy ratio, and p is the periodic capital recovery coefficient. The explicit expressions for the system components are given in the Appendix.
The variation of the field and collector parameters is constrained by the field width W ͑Fig. 1͒ and defines an inequality constraint,
For the utilization of the solar energy, we require that the annual energy produced by the solar plant is at least p percent of the yearly energy demand Q l . This is expressed by the inequality as
where Q is the yearly in plane incident solar radiation given in ͓͑1͔, Eq. ͑5͒͒. The collectors are installed with a minimum distance between the rows for maintenance purpose, i.e.,
Similarly, collector installation and maintenance may require that the height of the collector above the ground be limited to A max , i.e.,
The height of the collector H may be dictated by the construction of the field, by maintenance or modularity of the produced collector, i.e.,
The collector inclination angle may vary in the range
The field dimensions are bounded by upper limits
To obtain fields with regular shapes the field dimensions are bounded by the ratios:
The number of collector rows of the field is at least 2 and is discrete
All variables have physical meaning, therefore their values are non-negative. The variables of the optimization problem are there-
Formulation of the Problem for Minimum Cost of Unit Energy.
Another interesting objective function for the optimization of the solar field is the minimum cost of unit energy. This function enables one to compare the cost of energy of different sources. The problem variables are the same as for the previous case, i.e.,
The objective function is given by
where the numerator is the annual solar plant cost and the denominator is the annual produced energy made up by the solar field energy ͑ ϫ Q͒ and by the electric backup energy ͑␣ q ϫ Q l ͒, ͑see the Appendix͒. The constraint equations expressed by Eqs. ͑3͒-͑12͒ also applies for minimum cost of unit energy.
Optimal Design Results
Results of the optimal deployment of the solar field are shown for solar collectors facing south on a horizontal ground at TelAviv ͑latitude 32 deg N͒. Hourly radiation data were used and MATLAB optimization toolbox command "FMINCON" ͓2͔ was applied to solve the optimization problems. This command uses a sequential quadratic programming method. Transactions of the ASME The minimum periodic plant cost is $459,224, the yearly incident solar energy is 16.96 GWh, and the cost of unit energy is $0.04848/ kWh.
To obtain high incident energy as possible from a solar field, the optimization tries to minimize the shading between the collector rows. This is obtained by increasing the row length ͑first row is unshaded͒ and increasing the distance between the rows. The required number of rows K and the field width W thus decrease, satisfying Eqs. ͑3͒ and ͑4͒. The field is rather long compared to its width with a shape ratio of L / W = 13.26. This field produces 4.18% more energy; the periodic plant cost is less by 0.939%; and the energy cost is less by 1.92% relative to a field with land constraints.
Influence of Parameter Variation on the Solar Field
Design. The influence of the daily energy demand, the cost of land, and the efficiency of the collectors on the optimal collector deployment of the solar field for minimum periodic plant cost were examined by repeating the optimization process for different values of these parameters. The influence of the other parameters may be similarly examined.
Daily Energy
Demand Q lm . The influence of the daily energy demand on the optimal collector deployment was investigated by changing the daily energy demand Q lm between 25,000 kWh and 40,000 kWh while the other parameters were kept constant ͑see Sec. 3.1͒. The results are described in Figs. 6 and 7.
The periodic plant cost as a function of the daily energy demand is described in Fig. 6 . As the daily energy demand increases, the periodic plant cost also increases ͑almost linearly͒ until about Q lm = 35,000 kWh. From that point on, the solar field cannot produce more energy and the electrical backup source must provide the increasing demand. This, in turn, causes the periodic plant cost to increase with a higher rate because the electrical backup energy is more expensive ͑$0.09/ kWh͒.
The variation of the optimal parameters as a function of the daily energy demand is described in Fig. 7 . The parameters W, L, and H obtain their upper limit values. The other parameters K, ␤, and D change monotonically until Q lm = 35,000 kWh and then remain constant, i.e., the remaining energy demand is supplied by the electrical backup.
3.1.3
Cost of Land C land . The influence of the cost of land on the optimal collector deployment was investigated by changing C g between 0 and $100/ m 2 while keeping the other parameters constant ͑see Sec. 3.1͒. As the cost of the land increases from C g =0 to C g = $ 100/ m 2 , the periodic plant cost increases almost linearly from $454,769 to $603,393, respectively. The optimal design parameters as a function of the land cost are described in Fig. 8 . As the cost of the land increases, the optimal values of L and H obtain their upper limit values; the collectors are deployed much denser ͑D decreases͒; the field width W decreases quite significantly and so does the inclination angle ␤; and the number of collectors decreases by a few rows. Figure 8 shows that the effect of the land cost on the optimal parameters is small up to the cost of about $30/ m 2 . The cost of the system components also varies little in this range. For example, the periodic cost of the land comprises ϳ9.5% of the total periodic cost of the plant for land cost of $30/ m 2 . However for high land cost, e.g., $100/ m 2 , the periodic cost of the land increases to 21.25% and the cost of the system components vary accordingly.
Collector Efficiency .
The influence of the collector efficiency on the optimal deployment was investigated by changing the efficiency between 40% and to 70% while keeping the other parameters constant ͑see Sec. 3.1͒. The efficiency of the collector depends on load and temperature. We assumed daily average values; therefore, a constant efficiency was considered for each calculated point. As seen in Fig. 9 , the periodic plant cost decreases significantly with the increase of the collector efficiency. The optimal number of collector rows decreases, and the inclination angel and the distance between the rows increases, with the increase of the collector efficiency, as shown in Fig. 10. 
Minimum Cost of Unit Energy.
The objective is to find the optimal deployment of solar thermal collectors in a field resulting in minimum cost of unit energy. The problem parameters are ͑␤, D, K, W, L, H͒. The plant data are as in Sec. 3.1.
Feasible design regions in ͑K-␤͒, ͑W-L͒, and ͑D-H͒ planes may also be drawn to show where the optimal point lies on a specific constraint. The optimal solution of this problem corresponds to The minimum cost of unit energy is $0.04494/ kWh, the yearly incident solar energy is 20.62 GWh, and the periodic plant cost is $496,260. Transactions of the ASME
Influence of Parameter Variation on the Solar Field Design.
The influence of the daily energy demand, the cost of land, and the collector efficiency on the optimal collector deployment of the solar field for minimum cost of unit energy was examined by repeating the optimization process for different values of these parameters. The influence of other parameters may be similarly examined.
Daily Energy
Demand Q lm . The influence of the daily energy demand Q lm on the optimal collector deployment was investigated by changing the daily energy demand between 15,000 kWh and 32,500 kWh while the other parameters were kept constant ͑see Sec. 3.1, except for i =5%͒. The results are described in Figs. 11 and 12 .
The cost of unit energy as a function of the daily energy demand is described in Fig. 11 . As the daily energy demand increases, the cost of unit energy also increases. The variation of the optimal parameters as a function of the daily energy demand is described in Fig. 12 . The parameters W, L, and H obtain their upper limit values. The number of rows K increases, D decreases, and ␤ varies accordingly such that Eq. ͑3͒ is fulfilled.
3.2.3
Cost of Land C land . The influence of the cost of the land on the optimal collector deployment was investigated by changing C g from 0 to $100/ m 2 while keeping the other parameters constant ͑see Sec. 3.1, except for i =5%͒. As the cost of the land increases from C g =0 to C g = $ 100/ m 2 , the cost of unit energy increases almost lineally from $0.050/kWh to $0.062/kWh. The optimal design parameter as a function of the cost of the land is described in Fig. 13 . As the cost of the land increases, the optimal values of L, W, and H obtain their upper limit values; the number of collectors K increases; the collectors are deployed much denser ͑D decreases͒; and the inclination angle ␤ changes by a few degrees.
Collector Efficiency .
The influence of the collector efficiency on the optimal deployment was investigated by changing the efficiency ͑daily average value͒ between 40% and 70% while keeping the other parameters constant ͑see Sec. 3.1͒. The efficiency affects the cost of energy ͑nonlinearly͒ by a great deal: $0.0576/kWh corresponding to 40% and $0.0312/kWh corresponding to 70% efficiency. However, the variation of the optimal parameters is less pronounced.
Conclusions
It is interesting to compare the optimal results of the solar field deployment with regard to the number of collector rows, the incident solar energy of the field, the periodic plant cost, and the cost of unit energy for three criteria: ͑i͒ minimum periodic plant cost, ͑ii͒ minimum cost of unit energy, and ͑iii͒ maximum energy of the field ͓1͔. The comparison is done for two values of interest rate i = 5% and 10%, for a daily energy demand of Q ml = 25,000 kWh Tables 1 and 2 . By comparing the results of Tables 1 and 2 , one may conclude the following:
1. The solar field with the largest number of rows, and consequently, yielding the highest yearly energy, is obtained for the objective function of "maximum energy," and the minimum yearly energy is obtained for the objective function of "minimum plant cost." 2. The minimum plant cost is obviously obtained for the optimization of the objective function "minimum plant cost," and the highest plant cost is obtained for the optimization of the objective function "maximum solar energy." 3. The minimum cost of unit energy is obviously obtained for the optimization of the objective function "minimum cost of unit energy," and highest cost of unit energy is obtained for the optimization of the objective "minimum periodic plant cost." 4. The interest rate does not effect the optimal deployment of the field much. Its effect is, of course, on the periodic plant cost and the cost of unit energy.
It should be noted that the objective function "maximum solar energy" does not take into account the cost of the plant components. The objective function "minimum periodic plant cost" does not seek to obtain maximum energy but complies with the demand for given daily and yearly energies; and the objective function "minimum cost of unit energy" expresses both the energy and the economical aspects. Tables 1 and 2 also include the yearly incident in plane solar energy. Dividing these values by the number of rows K, row length L, collector height H, and by 365 gives the daily energy per unit area in watt hours per square meters. The obtained daily energy per unit area of the solar plant is less by 6-12% of the daily average energy per unit area prevailing in Israel because the solar plant is deployed with many rows where shading and masking take place.
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Nomenclature
A max ϭ maximum collector height above ground a 1 , a 2 ϭ lower and upper limit of the ratio W / L, respectively C͑X ͒ ϭ objective function C b ϭ grid electrical energy cost C backup energy ϭ electric back-up energy cost C c ϭ collector cost coefficient C collectors ϭ collector cost C e ϭ cost of unit energy C electric backup ϭ electric backup system installation cost C es ϭ electric system cost coefficient C g ϭ land cost coefficient C he ϭ heat exchanger cost coefficient C heat exchanger ϭ heat exchanger cost C land ϭ land cost C m1 ϭ fixed maintenance cost C m2 ϭ maintenance cost related to the area of the collectors C maintenance ϭ maintenance cost C p ϭ periodic cost of plant C pi1 ϭ pipe cost coefficient along field length C pi2 ϭ pipe cost coefficient along field width C pipe ϭ piping system cost C pump ϭ pump cost C s ϭ single stand cost C stands ϭ cost of stands C t ϭ tank cost coefficient C tank ϭ water tank cost D ϭ distance between collector rows D min ϭ minimum distance between collector rows D opt ϭ optimal distance between collector rows g j ͑x͒ ϭ constraints H ϭ collector height H max ϭ maximum collector height H opt ϭ optimal collector height h s ϭ relative shadow height i ϭ interest rate K ϭ number of solar collector rows K opt ϭ optimal number of solar collector rows L ϭ solar field length L c ϭ single collector length L max ϭ maximum solar field length L opt ϭ optimal solar field length L pi ϭ collector to pipe lifetime expectancy ratio L pu ϭ collector to pump lifetime expectancy ratio L s ϭ shadow length on the collector 
Appendix: Solar Plant Cost Components
The plant is constructed on a land leased for the purpose of the project for a period of the live time of the plant. The cost of the land is proportional to the land area, LW, and is given by
where C g is the land cost coefficient ͑in U.S. dollar per square meters͒. The cost of the collectors is proportional to the area of the collectors, HLK, and is given by
where C c is the collector cost coefficient ͑in U.S. dollar per square meters͒. It was found that the cost of the electric backup system installation is proportional to the area of the collectors and is given by
where C es is the electric system cost coefficient ͑in U.S. dollars per square meters͒. A heat exchanger may be required to avoid deposition of fur in the water pipes. The cost of the heat exchanger may also be assumed to be proportional to the area of the collectors
where C he is the heat exchanger cost coefficient ͑in U.S. dollars per square meters͒. This coefficient may vary for different systems. Collectors are positioned on stands. One stand may accommodate three collectors of a regular size. The cost of the stands is therefore given by
where C s is cost of one stand. For a reverse-return connecting scheme of the collectors with three collectors connected in parallel as shown in Fig. 14 , the piping system cost may be expressed as
where C pi1 and C pi2 are pipe cost coefficients ͑in U.S. dollars per meter͒ along the field length and width, respectively, and L c is the length of a single collector ͑in meters͒. It was assumed that the pipe diameter along the field length L is different from that of the field width W, and the water tank is positioned close to the collector field.
The cost of the water tank is assumed to be proportional to the amount of stored energy. Most systems are designed with daily energy storage; therefore, the cost of the water tank is proportional to daily required energy. On the other hand, the cost of the water tanks are related to their volume; therefore, we may express the cost of the required water tank as
where C t is the tank cost coefficient ͑in U.S. dollars per liter͒, V Q is the ratio of the tank volume to the daily energy demand ͑in liters per kilowatt hour͒ ͓16͔ and Q lm is the daily energy demand ͑in kilowatts per hour͒. The pump cost C pump for large systems with more than 25 collectors is approximately constant. The cost of the electric backup energy is related to the amount of required backup energy, to the cost of unit energy from the grid, and to the length of the backup period:
where C b is the grid electrical energy cost ͑in U.S. dollars per kilowatt hour͒, ␣ q is the yearly percentage of time where the daily solar energy is smaller than the daily energy demand, and Q l is the yearly energy demand. The value of ␣ q is given by
where
0, otherwise

͑A10͒
Q j is the solar energy ͑in kilowatt hours͒ on day j and is the collector efficiency. The maintenance cost consists of a fix cost C m1 and a cost related to the area of the collectors C m2 C maintenance = C m1 + C m2 KHL ͑A11͒
The periodic capital recovery coefficient is given by where N is the collector lifetime expectancy, in years, and i is the interest rate.
